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KATSUHISA MIMACHI 



Abstract. We construct a solution of Cherednik's quantum Knizhnik Zamolod- 
chikov equation associated with the root system of type C„ . This solution is 
given in terms of a restriction of a g-Jordan-Pochhammer integral. As its 

Qapplicaton, we give an explicit expression of a special case of the Macdon- 
, aid polynomial of the Cn type. Finally we explain the connection with the 

*>/| ■ representation of the Hecke algebra. 

1. Introduction 

^ ■ We study the quantum Knizhnik Zamolodchikov (QKZ) equation (0) associated 

lO , with the root system of type Cn ■ A sohition to this equation is found by means of 

f^ ' a restriction of the g-Jordan-Pochhammer integraL 

A solution of the QKZ equation of type An-i is given in [Q. Since the ap- 
pearance of that work, however, there has been no progress in the study of the 
r~^ I QKZ equation for other types of root systems with regard to the determination of 

Q> ■ solutions. This paper is devoted to such a task. 

wjr\| To construct our solution, we exploit a family of rational functions which would 

correspond to a basis of the q de Rham cohomology attached to the integrand. This 
turns out to be a natural basis for the representation of the Hecke algebra H{W) 
O^' through the Lusztig operator Ti . 

^ I Next, as a byproduct of our investigation, we obtain an integral representaion 

of the special case of an eigenfunction associated with the Macdonald operator of 
. , the Cn type. In particular, it is seen that, taking a suitable cycle, a restriction 

j^ ■ of the q-Jordan-Pochhammer integral expresses the Macdonald polynomial of the 

Cn type parametrized by the partition (A, 0, . . . ,0). This integral leads to a more 
explicit expression. 

We believe that the present paper represents a first step toward understanding 
the BCn type QKZ equation and the BCn type Macdonald polynomial. It is 
noteworthy that even in the classical ((7=1) case was not previously known that such 
an integral gives spherical functions associated with the root system Cn- For related 
works on BCn type spherical functions, we refer the reader to ||6| and references 
therein. 

Throughout this paper, q is regarded as a real number satisfying < q < 1 . 

2. QKZ EQUATION OF TYPE C„ 

We first give a review of the QKZ equation associated with the root system of 
type Cn for the reader's convenience, following Cherednik M and Kato M. 

Key words and phrases. Quantum Knizhnik Zamolodchikov equations, Macdonald polynomi- 
als, g-Jordan-Pochhammer integrals. 
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Let E — 0i<i<nIRei be the real Euclidean space with inner product ( , ) such 
that (ei, ej) — Sij . Let A = { ±ej ± ej {1 < i < j < n), ±2ei (l<i<n)}be the 
root system of type C„ , A+ ~ {ei ± ej {1 < i < j < n),2ei{l < i < n)} the set 
of positive roots, H = { a^ = e^ — e^+i {1 < i < n — I), an — 2e„ } the set of simple 
roots, P — ©i<i<„ Zci the weight lattice, and P^ — ©i<i<„ Ze^ +Z(^ J2i=i ^i) ^he 
dual weight lattice for the root system A. We frequently write a G A+ as a > 0. 

An element of the group algebra A = C[P] is denoted by e^ , as is customary. 
Then the Weyl group W — W{Cn) — (si,S2, ■ ■ ■ , s„ ) (where each Si is a standard 
generator corresponding to the simple root a^) acts on A as w(e'*') = e'^'^ (w e W). 
The symbol s^ denoting the reflections is defined by Sa{x) = x — {x,a)a^ , with 
a^ ~ 201/ { a, a) for x Cz E and a G A . 

The set of afhne roots associated with A is A = { a + mS ; a G A, tti G Z}, where 
S denotes the constant function 1 on E. The simple roots are ao = —9 + S with the 
highest root = 2t\ and a^ = a, G A for 1 < z < n . We use the symbol introduced 
above, s^ (0 < i < n) to also represent the generator for the corresponding afflne 
Weyl group. We note that sq — t[6'^')sq ~ T{t\)S2t^ , where t^^l) is a translation 
by M- 

Let us introduce V as the left free ^—module of rank |T4^| — 2" n! with the 
free basis h^ [w G W) ; each element F of V can be written uniquely as i^ = 
"Yliwi^w ^whw {fw G A). Then, let A'^ be a completion of the quotient field of A. 
We then have F~ = A~ ® a ^ • The action r^ of the Weyl group W on V^ is 
defined by the following: 

Twifhy) = w{f)hwy for / G A and w,y ^W . 

Moreover, the action of the translation T(/i) (/i G P^) for a parameter ?i G -E is 
given by 

T(^)e^ =g-<^'^>e^ for AgP, T{p)h^ = q^''-'^"^ h^ for weW 
and 

Mp)(/^-)=^(m)(/)9^'''""^/»» for feA and weW. 
This is an evaluation representation for which e is identified with q . 

Hereafter the symbol r^ is used also to represent the element w from the extended 
affine Weyl group Wpv = W k P^ (the semidirect product of W and P^). Then 
TwT{ti) — T{w{ei))rw ■ Note also that, if ui = vt{X), v <E W, A G P^ , we have 
w{iJ,) = u/i — ( A, /i ) (5 for /i G P . 

For an affine root a + mS (a G A , m G Z), define the P- matrix Ra+mS as an 
element of EndA~{V^) by the formula 



for y E W , where 



'aa+,n5hy + q"'^°''''y'''>ba+,nshs^y, V ^Q:) > , 

^c^+n^shy + q^'^''" ^y^U^+^shs^y . y-Ha) <0 






_ t4l~q"^e") _ g"'e"(l-^^) 
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and a t-^ ta is a M^-invariant function taking positive values; there are two different 
ta , which we may write as ti = t±^.±g^ , t2 = t±2ej ■ 
It is seen that 

TwRa = Rw{a)rw for a e A ,w £ Wp-y , (2.1) 

Rfj = Rzl for /3 e A (2.2) 

and 

J Re,-e,Ru-ekR<ij~ek ^ Rtj^CkRe^-ikRei-e, , l<i<j<k<n, 
{ RiLi~tjR2<LiRei+<LjR2ej = R2iLjRei+<LjR2<LiR<Li-f.j , 1 < * < j < "- • (2.3) 

The relations in ( pT^ ) constitute the Yang-Baxter equation associated with the root 
system of type C„ . 

Then we can state the definition of the QKZ equation for the root system of 
type C„. 

Definition 2.1. The QKZ equation for the root system Cn with a parameter u — 
(ui, . . . ,u„) G M" is the following system of equations: 

r-i F = i?,(,^)F, l<i<n, 



-1 



-.F^R^di^.j L.. \\F , 



for F e V"^ , with 

Rriti) = Rti-ti^i+S ■ ■ ■ Rti-ti+S R2ci+S Rti+ti ■ ■ ■ Rti-i+ti 

X Rti+ILi + i ■ • ■ R<Li+tn R2<Li Rti-tn ' ' ' ^Ei-Ci + l 

for 1 < i < n , and 

i?r(i(ei+---+e„)) — (^2£i -Rei+e2 -Rci+e3 • ' ' -Rci+e„) 

X (i?2e2-R£2+e3 ' ' ■ Ri2+en) X ' ' ' X (-R2e„_i -R£„_i+£„ )-R2e„ • 

Remark. If we introduce the operators L^ (/i e P^) and P" e i?n(i^~(l/~) (/i G 
P'^.u^E) defined by 

^mE /-/i-) = II L^{f^)h^ with L^(e^) = g^'^'^^e^ (A G P) 
and 

then the equation above can be rewritten as 



and 



L,.F = PlRr(e^)F 



■^i(ei + -+£„)-f' - ^|(ei+...+e„)^r(i(£i + -+e„))^- 



Fulfilment of the compatibility condition of the QKZ equation is guaranteed by 
the Yang-Baxter equation (2.2). 
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In the next section, we will construct a solution of the QKZ equation for the 
special case u — — Aei (A > 0) through application of the g-Jordan-Pochhanimer 
integral. 

3. Integrals and main result 
We introduce the form 



l<j<n iyj/^)ooiyJ^/x)oo X ' 



(3.1) 



where (a)oo — Y\s>o{^ ~ '^9") ■ This can be regarded as a form of a restriction of 
the g-Jordan-Pochhammer integral 

^A TT (%/a^)oo dx 

li<2n (y^-/^)- ^ ' 

which is studied in [|^ and [|l|. 

Next, to construct our solution in case of m = — Aei (A > 0), we use the induced 
representaion of the Weyl group W = W{Cn) from the trivial representation of a 
parabolic subgroup. 

As a parabohc subgroup of W, we choose a stabilizer W^^ = (s2, . . . , Sn) of ei. 
A representative of the quotient W/W^^ is fixed to be 

I Wi ^ e, W2 = Si, W^i ^ S2S1, ... , Wn+l ^ Sn-- ■ S2S1, 

I Wn+2 = Sn^lWn+1, W„+3 = S„_2S„-lU'n+l , . . . , W2n = Si - ■ ■ S„_iW„+i . 

It is seen that the element he — X^og w ^a ^^ invariant under the action of We^ 
and the induced representation of W from he is given by the elements 

Using Wi as suffices, we define the following rational functions: 



^■w, = < 



n 1 



y. 



n 0-^ 

n (1-1^ 

2n-i+l</j<ri ^ 



n 

2n— i+l</i<n 

Associated with the function $ , we write 



^y^ 

X 



n 



i_^ 



1 - ti^ I l<M<n ( 1 - i^ 



w = y V'* 



1 < i < n. 



it- 
X 



n + 1 <i <2n. 



for a rational function -0 and a fixed cycle C , and define the element ^ by 



l<i<2n 
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Then we obtain the foUowing, which will be proven in the next section. 
Proposition 3.1. Ta^vj/ = i?^^v[/ for < i < n. 

We are now in a position to state our main result. 
Theorem 3.2. The function 

l<i<2n 

satisfies the QKZ equation of type C„ with the parameter u = — Aei (A > 0) and 
ti=t2^t : 

r;(i^)* = i?,(,,)*, l<t<n, (3.2) 

and 

r;4(,,+...+,„))* = i?.(i(e,+...+.„))*- (3-3) 

From this point we use the identification jji — e*^' for 1 < i < n . 

It is seen that a system of fundamental solutions is obtained by taking suitable 
linearly independent cycles. 

Proof. We first note 

T(ei) *e ''O 

Proposition 3.1 and (2.1) imply 



rseso ^ = rsgrsg * = VsgRao * = Rs,{ao)'^se * • 

Applying this process repeatedly, we finally obtain 

''sflSo ^ ~^se(Qo)^(si---s„)(s„_i---S2)(Qi)-'^(si---s„)(s„_i---S3)(Q2) ' ' ' ""^(si ■ ■ ■«„ ) (a„ _ i ) 
^ -R(si---s„_i)(q„) ■ ■ ■ Rsi{a2)Rai * 
=^2£i+i5 -R£i+e2 ' ' ' -^ei+en ^^ei Rei-e„ ' ' ' Rei-e2 ^ ) 

since sg = {si ■ ■ ■ s„_i)(s„ ■ • ■ si) . Thus we have 

J'^jg^)* = ^2£i+i5 Rei+€2 • • • Rti+e,, Rlti Rei-e„ ' ' ' Rei-e2 ^ ■ (3-4) 

Next, let us apply rs^_i...si on both sides of (3.4). Then the left-hand side is 

*i-l ^1 r(ei) r( Sj_i--- si (ei) ) *i-l ^l 

~ ''T(si_i--- Sl(ei)) "-Si-l-- S2(ai) Rsi^i-- 83(02) ' ' ' ^Si-l (Qi-2)^"i-l ^ 

= r~^^^^R,:^^^.Re2-ei ■ ■ ■ -R£i_2-ei-Rci-l-Ci^ 

= Rei-Ci-S R€2-e,-S ■ ■ ■ Rei-2-ei-S Rei^i-Ci-S '"^(g.)^ ■ 

This follows from the relation t(— ei)(ej — e^) — ej — ei — S . 
On the other hand, the right-hand side is 

fsi-f- siR2ei+S Rei+e2 ' ' ' R(ii+e„ R2ei Rei~e„ ' ' ' Rci-C2 ^ 
=R2ei+S Rti+tiRt2+ti ' ' ' ^ei-i-l-e; Rti+ti+i ' ' ' Rti+e^ R2ti ^ ■ 

Here we have used 



6 KATSUHISA MIMACHI 

Therefore we reach the desired relation (3.2) by using (2.2). 
Next we proceed to derive (3.3). 
For 1 < i < ri , we have 

''x(i(.i+...+e„))^^"'») 



„A 



X J ^ fe" 1 V ^ / oo fe^i V ^ y oo dx 



n\ -^ / oo fc=i+l ^ ' ^ fc=l ^ ' u" ux- 

/ , ,„ \ n ^ TTT i-1 / TTT T (3-5) 



c K (,4fil n/-.-.^^ ni'.i,^.-'^ ^• 



''-;,. n .-'^ n .'^ 

k=i ^ ^ °o fc=l ^ 



and 



^r(i(ei + ...+£„))<'^"'"+. ) 



n — I 



n ^'- n u^-) „ r,i^' 
n G*? n {^^) " '*- 



a; 

fc=l ^ " / oo fc=„_i+2 ^ ■" ^ oc 



X / ^^. . . _ \ -i^ / r.^. \ "^ / OO 



By changing the integration variable such that x ^^ q ^'^.t, from (3.5) wc have 



X / ^ fe=j+l ^ -^ ^ oo fe=l \ -^ / oc dx 



k=i ^ ^ °° fc=l 



c r..,,M) n(^) ii(.^'^ ^ 



^'-' J^Ai 2;/j.j.y 2; 



with 

g =■ s„(s„-is„)(s„_2S„-is„) • • • (si • • • s„) e VF . 
Here we note g(ei) = — Cn-i+i for each 1 < i < n. 

Similarly, as a result of the change x 1-^ q^l'^x^ from (3.6) wc have 

^T(i(ei+...+e„))(^«'"+') 

n(^) n (^^^ ^*^^ 



_ A ; A «=! fe=n-i+l ^ ' -^ T-r V X 



a; / „ dx 



n f n Uf 



with the same g E W . 
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As for this g = s„(s„-is„)(s„-2Sn-is„) • • • (si • • • s„) e T4^ , we have 

gWi = Wn+i Sn{Sn-lSn){Sn-2Sn-lSn) • • • (s2 • • • S„„iS„) , 
5W„+i = Wi Sn{Sn-lSn){Sn-2Sn-lSn) ■ ' ' (s2 • • • S„_iS„) 

for 1 < « < ri . These relations lead to 

Q'^Wi l^gWi '^Wn + i f 

for 1 < i <n . 

On the other hand, noting u = — Aei , we obtain 

for I < i < n . 



Combining these relations, we get 



l<i<n ^ ^ 

l<i<n *- '' 

l<i<n *- ' 

= X! p 5'y5«,„+. ) ghw„+i + { g(pw, ) ghn 

l<i<n ^ 



At this stage, applying the relation 

''(Sn(s„-lS„)---(Sfc+i---S„))Sfc---S„ ^ 

~ -"'(s„(s„_is„)---(sfe+i---s„))sfe---s„_i(a„)-K(s„(s„_is„)---(sfc^i---s„))sfc---s„_2(a7i-l) 

X • • • X W(s„(s„_iS„)---(Sfc + i---S„))Sfc(Qfc + i)-K(s„(s„_iS„)---(Sfc + i---S„))(Qfc) 
^ ^(S7i(S7i-lSn)---(Sfc + l---S7i-lSn)) ^ 

= i?2efc-Refc+efc+i ' ' ' -Refc+e„_i ^efc+e„ 

X ?-(s„(s„_i5„)...(s,+i...s„_is„)) * , (1 < fc < n) 

repeatedly, we finally obtain 

Tg * = (_R2£i-Rei+e2 ' ' ' ^ ei+e„ ) (^ 2£2 ^ £2+63 ' ' ' Re2+e„) 
X • • • X (i?2e„_i -Re„_i+e„ ) i?2e„_i * • 

Therefore, we reach the desired result (3.3). D 
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4. Proof of Proposition 3.1 
To prove Proposition 3.1, we start by considering the action of Si G T4^ on the 

Lemma 4.1. (a) // 1 < i < n — 1 , s^ ip^^, ~ ip^^, for each 1 < k < 2n such that 
k =/= i, i + 1, 2n — i, 2n — i + 1 . 

(b) s„ ipw^, ~ ip,u]i^ for each 1 < k < 2n such that k ^ n, n + 1 . 

(c) So y^Wk — ^Wk foT each 1 < k < 2n such that k ^ 1, 2n . 

Proof. These assertions follow from the definition of Si and ipw^ ■ D 

Moreover we have 



Lemma 4.2. (a) For 1 < i < n ~ 1 : 



and 



(b) 









Proof. By direct calculation or expansion of partial fractions, we find 
1_^ 



1-t^Vl-^^ 



i_ ¥±1 



: i-d ^ 

i-t^ ("i-t^Vi-t^ 



and 



i-=£l 



-1 "• -1 ' "• / -1 \ / -1 

1-t^ i-t^^ fi-i^Vi-t^ 



X 

Multiplying the factor 



a; 



n 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



J=i 1 _ t^ 

X 

on both sides of each equahty (4.4) or (4.5), we get the desired relations (4.1) 
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While the change of variables e^ ^^ —£i+i and e^+i h^ — e^ leave ai unchanged, 
they produce the following from (4.4) and (4.5): 

X 



i_,^ i_iMi 



yj+i 



(4.6) 



da. 



1-^— ' (i^mii-ty^^' 



and 



Vi+i 



1-^- "i-^^ ^-i^Ui-t^ 



(4.7) 



Multiplying the factor 



n 1 _ ^ n 1 _ li_ 



n --wH 



x 



X 

on both sides of equalities (4.6) and (4.7), we obtain the desired relations (4.2). 

Similarly, changing e^ ^-> e„ and e^+i h^ — e„ induces a-; h^ q;„ and leads from 
equalities (4.4) and (4.5) to 



l_,^Ui_t^ 



1_ ^ 



(4.8) 



1-i^ "" ("i - 1^ Vi - i^ 



and 



1 



1_ ^ 



(4.9) 



•^ X \ X J \ X 

Multiplying the factor 

«-i 1 _ ^ 

X 

on both sides of equalities (4.8) and (4.9), we get the desired relations (4.3). D 

In contrast to the action of Si for 1 < i < n , the action of sq is understood as it 
acts on the q de Rham cohomology, not on the rational functions. 
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Lemma 4.3. 

I q^^{ so<Pt„2„ } = q'^bs-ei fi02„ ) + cs-e{ Vwi ) ■ 

Proof. Make the change of variables e^ h^ — ei and ei^i ^-^ €i — 5 (i.e. y~ i~> 
J/i , J/i+i ^^ 'ZJ/r^) i'^ (4-4) and (4.5). Then we have 

l-q 

X 



X J \ X 



1-^ 

o-s-e 777 + "(5-e —: rrr — 7 



and 



1 , 1 



X I \ X 



Vi 



= ^s-e tTT + C(5-e 



1- — 

a; 



aa-e / X 



n 



-1 



. /». n(.f),j-(^^ 
,>j!i\ U'-^) n(.^ 



•J C 1, 1 






^ / CXI 1,-9 V -^ / 00 dx 



(4.11) 



1-..^ '-'x (l-'.^)(l-'^) '"^' 

Integration after multiplying the factor 

a; 
on both sides of equalities (4.11) and (4.12) gives the following: 

A fc^iV-^/oo V a:/oc -rT V X J ^ dx 

A fe=A ^ ^°o TT \ X ) _dx 
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and 



X 



tyi\ fgty,\ (^2y^\ T[(J-y± 

AV-^/ooTTV -^/oo^ " '°°fe=2 



1 \ " /+„,-! 






l.-^ \ -^ / oc T-r V X 



5-« / ^^ , ^r^\";°°, n / .,-1 






^ ^!^ n^f L'^'B 






X 






^"i '"^ ni"- 



c ^ir,| nf.%^ 



fc=i 

X I ^^ ^^ \' X 

k=\ ^ 



Here, changing the integration variable such that x ^^ qx , we have 



11 / „-l 



^ l^—l \""/co \ ■tj J ,^ TT \ X j dx 

c fyi\ tt( yk\ i „2yi' \ k=2 I ^Vk 



_ A f ^x fc=i V -^ / PC V a: 7 ^ -p-p V x y „ dx 

c f„-iyA nfyA („y^\ t=2(yiL. 



,'-?) n(?) (' 

9^ ( SoV'tui ) 



X I ^^\ X I \ X 



and 



tyk\ (q^y^\ ^L^Vk 



^A TT V -^ / oo ^ ^ °o fc=2 

/ oo fc=l ^ "" 



-ttV X J ^ \ ^/oo fc^2 ^ ^ y' oo dx 



tyk\ (y_il\ uf'ik^ 



^A /.ATT V -/ooV ^-=^=2 



X /_, ^\ X J r^ dx 



k=l 



fc=i ^ ^ ^ °° 



Therefore, it is seen that (4.13) and (4.14) are equivalent to the desired relations 
(4.10). D 

Next, we consider the asction of W on the hw ■ 
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Lemma 4.4. (a) Ifl<i<n — 1, hs^wk — It-w^ for k 7^ i,i + l,2n — i,2n — i + l. 

(b) hs„wk = hwk for k ^ n,n+l . 

(c) hsgwk = h^k for k^l,2n. 

Proof. In the case that 1 < i < n — 1 , we have SiWk = WkSi for l<A:<i — lor 
2n — i + 2 < k < 2n , and s^w^ — WkSi-\.i for i + 2<A:<2n — i — 1. These lead to 
the desired cquahtics in (a). 

In the same way, the relations s„Wfc = WfcS„ (fc 7^ n, n + 1) and sgWk = 
Wk{s2 ■ ■ • Sn-i){sn ' ' ' S2) {k ^ 1, 2ri) lead to the relations in (b) and (c). D 

Next we consider the action of Ra- on the h^^ : 

Lemma 4.5. (a) If 1 < i < n — 1, Raih^^ — h^f. for each 1 < k < 2n such that 
k ^ i, i + 1, 2n — 2, 2n — i + 1. 

(b) Ra^hwk — hwk for each 1 < k <2n such that k ^ n, n + 1. 

(c) Rs^ehwk — hwk for each 2 < fc < 2n — 1 . 

Proof. Since w^T ai — ai > Q for 1 < k < i — \ (then i > 2) , we have 

These imply 

following from the relations a^^ + da^ = ha^ + Cq; = 1 . Hence, noting SiWk = WkSi, 
we obtain Rahwf. = hw^. ■ Other cases are similarly derived. D 

Lemma 4.6. (a) For 1 < i < n — 1 , 

^a.i'^Wi+l ^ai'^Wi-\-l ^ OyQ.^fl'Hj^ , I J^airiw2n — i+l ^ai'^W2n — i-\-l ' 0'ai'^W2n-i • 

(b) 

(c) 

{Rs-ehw2„ = cis-ehw2„ + q bs-ehwi , 
Rs-ehwi ~ cs-ehwi + 9 dg-ehw^^ . 
Proof. This follows almost immediately from the definitions. D 

At this stage, by combination of the above lemmas, we obtain the following: 
In case ofl<«<n— l,we have 



l<fe<2n k^iA+1, k=iA+l, 

2n—i, 2n— i+1 2n— i, 2n — «+l 

2n-i, 2n-i+l 
+ {baA'Pw,) + Cai{(Pw,+ i)} hs,w, + {aatifw,) + da^ifiw^+i)} hs^w.+i 
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+ {&Q,(<PtU2„-J + Cai('^u,2„-,+ l}} hsiW2„-i + {aai{'Pw2„-i) + dai{(Pw2„-i + l)} ^SiU)2„-i+l 

2n-i, 2n-i+l 
+ ifw,) {ba.hwi^-^ + flQ^/l^,} + {(Pw,+ i) {Ca./lu-i+i + da^hyj^} 

I \ ^W2n-i ) \^tti '^'W2n-i+l ' ^Oti '^W2n-i / "'' \ '/^^2Ti-i+l / \ ^Oii "'^2ti — i+1 ^~ Q^i ''^2Ti-i+l / 

Similarly, in the case i = n, we have 

'^ l<fc<2n fc=Ti,n+l ^ 
k^n, n+1 

k^n,n-\-l 
k^n,n-\-l 

Finally, if i = , by noting that 

^O'^Wi Q '^S0W\ anQ S0liw2n Q ^S0W2n 7 

we have 

l<*;<2n 

= 2J ^ "^""fc ^'^'"'= + ^ ^o^Pwi )q^hw2r, + { soVw2„ )q^^h^i 

k=il,2n 

= X {Vwk)hw,, + {cs-ei^wi) +q~^bs-0{(pw2„)}hwi 

k=il,2n 

+ {q^ds-0{(pwi ) + as-0{(p^2^ )} /i^2„ 

fe5^1,2n 

+ ( <Ptu2„ ) {«<5-e/iu.2„ + Q^^bs-ehwi } 
This completes the proof of Proposition 3.1. D 
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5. Macdonald polynomials 

Macdonald introduced the g-difFerence operators iQ to define his orthogonal 
polynomials associted with root sytems. In the case of a root system of type C„ , 
the g-diflerence operator to define such a polynomial is given by 

^ ^ 11 T^Tv^ 11 TT7^^«' ' 

ai,...,a„ = ±l \<i<2<n *'« "j \<i<n ^i 

where 

{TyJ)(yi,--- ,yn) = f{yi,--- ,qyi,--- ,yn)- 

Its eigenvalue is known to be 

n 
Cf,= Y^ J|g|A,a,^i(n-i+l)a, 

ai,... ,a„— ±1 J — 1 

n 

i=i 

with the parameter /i = (Ai,... , A„) (We consider only the special case corre- 
sponding to the condition ti = t2 — t) . 

As for the eigenfunction of the operator _E, we easily find the following: 

Corollary 5.1. The sum 



Y.^'-\^^.) (5.1) 



is a solution of the equation attached to the parameter (A, 0, . . . , 0) : 

£^V' = C(A,o,...,o)V'- (5-2) 

Proof. This is proven by applying the result of Kato (Theorem 4.6 in M) to our 
Theorem 3.2. D 

We next proceed to simplify the sum (5.1). 
We note the equality 

1- yi](i- ^ 



fnJ^A ^ ^ = l + (t_l) ^f-V.. , (5.3) 



which is demonstrated by using the partial fractions. 
On the other hand, we have 



1- ^1- y-i 



n^^ — ¥7 — ^)=9' h=^'{i), (5.4) 



X J \ X 
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which is demonstrated by changing the integration variable such that x ^-^ qx . 
Hence, combination of (5.3) and (5.4) gives the relation 



j=l 



c 



Therefore we reach 

Proposition 5.2. The function L^ is a solution to the equation (5.2). 

It should be remarked that this is valid for arbitrary cycle C and that linearly 
independent solutions are obtained by choosing several cycles. This situation is 
similar to that studied in [|l5[ . 

In case that the parameter /^ is from the set of partitions, the eigenfunction of 
the form 



Pt^{y\q,i) = "^A' + X! 



is the Macdonald polynomial for the root system C„. Here m^ = 'Yliv^Wu ^^ ' ^^'^ 
i^ < /i is defined to he fi — ly € Q"*" with Q+ the positive cone of the root lattice. 

In our case, to get the Macdonald polynomial, it is enough to consider the case 
that A is a positive integer and take the cycle, with the counterclockwise direction, 
which encircles the sequence of poles such that yi,yiq,yiq^, . . . , for \ < i < n 
and y~ ,y~ q,y~ q'^,. .. , for 1 < « < n. This is an integral representaion of the 
Macdonald polynomial P(a.o,... ,o)(ykiO • 

Moreover, applying the g-binomial theorem 

Err""-TT^ (N<i), iau= n (i-«'^') 

m>0 ^'^^^ ^^'°° Q<k<m~l 

and the residue calculus to our integral, we obtain an exact expression of the Mac- 
donald polynomial for the root system C„. 



Theorem 5.3. 



P(A,o,...,o)(2/k,0 = 77f E 



('?)a V- (*)n • • • it)^2r. 



tl-\ h*2Ti— A 

Jl, ... , 4211 >0 



.„/l-»2„ /2-42„-l ^ ^ ^ J,.-J, 

yi i/2 t/n 



+ 1 



Remark. We also have a dirct way to obtain the integral representation of the 
eigenfunction for (5.2). This will appear in a future paper. For the related work, 
we also refer the reader to 11161 



6. Final comment 

We finally make a comment on the meaning of our elements i^w- from the view- 
point of the Hecke algebra. 
Set 

T,^t+ ~^^ \ s,-l), for l<i<n, 

1 — e"' 
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where a^ is an element of the simple roots and Si a corresponding generator of the 
Weyl group W . This is the Lusztig operator associated with the root system C„ 
(in the special case ti = t2 = t), which satisfies the following: 

{T, - t)iT, + 1) = {l<i<n), 
T^Ti+iTi = Ti+iT^Ti+i (1 < i < n - 2) , 

Ti rji rji rji rri rji rri rri 

T,T,=T,T, (N-j|>2). 

These are the fundamental relations for the Hecke algebra H{W) associated with 
the root system of type C„ . The action of the Lusztig operator on our (/3^„. is given 
as follows. 

Proposition 6.1. For 1 < k < n; 

Tiipwk = tipwk , i ^ k - 1, k , 

Tt^w^+k = t'~Pw„+^ , i^n-fc, n-fc + l, 

Tn-kVw^+k = t'Pw^ + k+l ■ 

This shows that the vector space Of^iCipwi gives the representaion of the Hecke 
algebra H{W) for the C„ type. Moreover, we can also obtain the representation 



of the affine Hecke algebra in the space of the q de Rham cohomology. See 1 16 for 
An-i case. 

In any case, we expect that such a basis attached to the action of the Hecke 
algebras could be generalized to the case of higher representaions. This is our 
future problem. 

Acknowledgement. The author wishes to thank Professor Shin-ichi Kato for 
valuable suggestion. 
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